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2. COMPLEX NUMBERS

Points to Remember

» Rectangular form of a complex number is x +iy (or) (x+yi), where x and y are real numbers.

o Two complex numbers z, =X, +y, and 2, =X, +i), are said to be equal if and only if
Re(Zl)=Rdzz) and Im(zl) = In’(zz)' That is X, =X, and Y, =V,
e The conjugate of the complex number x+iy is defined as the complex number x—iy.

o _Properties of complex conjugates.

10+ z9=2 +2,

2. Z4Fz . B —2,

3. z,z, 92, z4

4. {AJ = E’-,zz #0

Ze) 2y
5 RE(Z) - z+Zz ‘
6. Im(z)= < _.E
7. {z,)=(2)", where n is an integér N

8. zisrealifandonlyif z=2
9. zis purely imaginary if and only if z& —Z

10. £= yA
e If z=x+iy,then 1fx2 +y? is called modulus of z. [tjsdencied by | z |.
o Properties of Modulus of a complex number.

L. |z|=]|Z|

2. |z +2,| £|2z,|+| Z,| (Triangle inequality)
3. |zz,]5z ]|z

4 |z,—zz|2“z,]—|22||

4 =|—Z’—|, z, #0

Z, lzz'

6. |z"|=|z|", where n is an integer

7 4 Re(z)§|z[

8. Im(z)<|z|




* Formula for finding square root of a complex number.

Ja+ib =:f:[1/l—z—!:iE +E%J|—2—12"—a-], where z=a+ib and b#0

® Letrand 6 be polar coordinates of the point P(x, y) that corresponds to a noN-z€ro complex mimber
0

z =x+iy. The polar from or trigonometric form of a complex number P is z:r(cos@+ 1550

® Properties of polar form

A, Ifz=r(cosﬂ+isinﬁ), then 2™ =l(cosB—isin8)
r

2.6, =r(cosh, +isinG,) and 2, =r,(cos, +isin6, ), then
2z~ 15 (cod6, +8,)+isin(p, +6,))

3. If =#(cosh, +isinG) and z, =r,(cosB, +isind,), then -2 = % (cos(B, ~6,)+isin(8, -6,))
2, oo

® De Moivre's Theorem
1. Given any complex gimber_cos6 +isin8 and any integer n, (cosB +isinB)" = cosnd +isinnd

‘

2. If x is rational, then €os.x@ #7sin x 0 is one of the values of (cosB+ isin 9]’

e The n™ roots of complex numberz = r{cosd +isin6) are

- 2”' :r""(co{9+2kn)+isin{g+m)} k=0, L23,... n-1
n n 2

Powers of imaginary unit i

P=1i=i iP=-1 P=Pi=A4 P=PP=
aup 1 ; " y
e N G

e We note that, for any integer n, /" has only four possible values: they coprés nd to val
divided by 4 leave the remainders 0, I, 2, and 3.That is when the integer # ¢ “&Oor n0>v: l::::‘;nof ; \:.r}'uen
algorithm, n can be written as n = 4g + k£ 0 < k<4, kand q are integers and.wé e g division

"= (@) * = ()" @ = () ()= (1) () = (@)

e In general, multiplication of a complex number z by i successively gives a 90°
A : i coun i
rotation successively about the origin. ”» 1@€lockwise
(71

=
2




® Complex numbers obey the laws of indices

: =2"" 220 (i) @' =2" (V) @) =2"z"

@) """ ="
® The distance between the two points z and z; in complex plane is |zi—2)|
Imp ¢
[2-%)
12,
4
%]
: 0 Re

To find the lowerbotnd/and upper bound use [jzi| - |z:]| < |21 + Zzl <lzl + |z
® |z— 2z =ris the conipleX-form of the equation of a circle. By
(1) |z—zo| <rrepresents the points interior of the circle
(ii) |z — zo| > r representsthé points exterior of the circle

If z= 0, the argument 0 is undefined; and so if i undérstood that z # 0 whenever polar coordinate are

used
If the complex number z = x + iy has polar coordinates(r;,.0), its conjugate z= x—iy has polar

coordinates (r, —0) ’
e Principal value of @ or principal argument of z and is denoted by Argz,
n<Arg(z)<n (or) -n<B<nm
o argz=Argz+2mm,ne€ Z.
z i i -1 ~i
' n 3
A 0 =y n s
g (2) ) 3
argz 2nn 2nm + g ng+n nn- %
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* General rule for determining the argument 0

Im
Letz=x+iy, here x,y e R 1
() @
o =tan™ Ill 0=n-o 6=ca
| x| < >
() Re
O=—mn+a 6=—qa
i

Some of the propesties of arguments are
() arg (z1 ) = arg.z +farg z,

L)

(ii)arg[ )=argz;—argzz )

2y
(iii) arg z" =nargz
(iv)The alternate form of cos  + i sin@ is cod2/kn+0)+isin(2kr+0),keZ.

e Euler's form of the complex number ,

e®=cos®+isin®
e (cos0—isin)" =cosnd—isinnd
(cos®+isin®) ™ =cosnd —isinnd 4
(cos@—isin®)™ =cosrd +isinnd
sin@+icosd =i(cos9—isin)
e The o roots of unity 1, @, @’ ...... , ™! are in geometric progressionfwith€ommon ratio w.

e The sum ofall the n' roots of unity is 1 + ® + @’ + ......+ @' =0

e The product of all the n™ roots of unity is 1. @. @*... @™ = (-1)™"

All the n roots of n'" roots unity lie on the circumference of a circle whose centre i§ atthe origin and
radius equal to 1 and these roots divide the circle into n equal parts and form a polygon of n sides.

e In this chapter the letter © is used for n'™ roots of unity. Therefore the value of o is depending on n as
shown in following table.

F Value of n 2 3 4 5 k

n 2n 2n !H n

Value of © o2 o3 g1 « g 5




BOOK BACK ONE MARKS
T e s
10 _ 21
3) -1 4)i
Solution :

"+ ™+ 2 3
=" +i'+i+1)
=i"(1+i-1-i)

=1 (0)

=0

13
2. The value of ) (" +i™") is
h=1

1)1+i 2)i
1 40
Solution :
13 '
— Z(l-‘l +1n+t)

Sirliod)- Sl
=(I—i)§i"
= =i+ 24P+t i)

=(1-1) i=i- =1+i

Area of the A=

1
—ABxCD
2

1 Ly |z +iz
= —|z-ig >

- :}IZI -l zzl

= -;”xz lzl2

= 2|

4. The conjugate of a complex number is ——

i—

Then, the complex number is

-2

3. The area of the triangle formed by the
complex numbers z, izand z + iz inthe

Argand’s diagram is

o3k D
3

)3 |2’ 4) 2|z’

Solution :

AB = |4~ B|=|z-iZ

D' is mid point of AB =

2
z+r’z(+m} |+’
| 2 |

z+iz
2

A+B

D=

1 -1
V72 'i+2

-1 1

e 4) ——
4 i-2 ) i—-2
Solution
Let ; = -l— = ;:[—l—]

R i-2 i-2
::z: 1 = ;1_
-2-i i+2
5. mg{;’; 4)1 , then |zl is equal to

;)g 21
) 4)3
Solution :

]zl _ |-J§+:ﬁ3f+4r

[8+6r‘]1 _
_ (e (vevie)
(Vear3e)
_ 8x25_
100 -




. Ufz is":i non zero complex number, such that
27 =z then|d is
1
1) —
) 5 2)1

3)2 4)3
Solution :

2iz? =;

2izz=2

2iz=1

| =

. E —
Y '__21._1'-—

2%
2§

|~

-

lzj=

I\J'I—' -~

1
4

1)z 2) 2
3)_1_ 4) 1
z
Solution :
142 _l+z _ 1+z _
z z

o

[“d=12z2z =1=>2Z=—]

k !f |z—~2 +i] <2, then the'greatest value of |2
is

1)3-2
3) /5-2

Solution :
z-2+i|>]z| -2

2>z]- 5
V5 +2> 1z
1z |< 5 +2

DABF2,
1) 544

If

z —Ei = 2, then the least value of |z| is
z

D1 2)2
33 4)5
Solution ;

|ﬂ=z—3+%
z 2
e
Z ==t
A Z
[ -2- <0
|z]
|z -2l7 -3 <0

|zlis3 orl
The least value of |z is |

X

10. The solution of the equation [z} =z =1+2iis

3 3 ..
—=-2i 2)——+21
l)2 2i ) >
3.
3)2-—-;—i .4)2+§1
Solution :
Letz=|z|=-1=2i.0eeeunene. §))

[ = 27 = (2]-1-2}) (z|-1+2)
=z +|z] (i+2-1-2i)+
(-1-2i){-1+2i)

|z =12 -2| 2|45
ﬂzFS:ﬂzk%

From (1)

5/
:—_l... ;
z 3 2i

z=—=2f

1LIf|lzo] =1, |2]=2,jzsl =3 and
92,22 + 42,23 + 2323| =12, thén the value of
lz1+ 2 + 23] is

Nl 2)2
3)3 4y4
Solution :
We know that
|z, +2,+2)| = i +az2,+2)2|
EAIEA | zy |
12

|z, +2,+2)| = s




F’E. If z is a complex number such that z € C\R
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1
andz+‘; € R, then [7] is

10 2)1
3)2 . 4)3
Solution :

only when [z] =1

1
wegetz+— eR
z

—1)+i x+1)-i
e (B cfeh )0
[(x—lXx+1)+y2]=o
(x+1) +y7
x=14y’=0
P +yt =1
2" =1
|2 =1

13.

z; ,'Zyand z3 are complex numbers such that
1+t 2370 and |zy| = |z2] = |z3] = 1 then
Z;z +z" ¥z is

N3 2)2
31 4)0
Solution :
1 1 1
Z, =, 2) T ==, I =
Z 2 Zy

‘

(z,+2, +2,)?
PO 2 2
= z; +2, +2; +22,2, +22,2, +22,7
z,+2,+2,
0=z +22+2; +2| ===
2,4, 7,

Z,+Z,+2
0= 22 +22 +2; +2| —2=>
Z, 2,2

0=2+2z}+2z; +2(0)

2 2 2
0=12z +2,+2]

15.1f z = x+iy is a complex number such that

|z+2| = |z-2|, then the locus ofzis

1) real axis 2) imaginary axis
3) ellipse 4) circle

Solution :

Letz= x+iy

| x+iy+2| = | x+iy-2|

Je+2f +y7 = J(x=2) +y?
X +4x+4+y? = x* —dx+4+)°
8x=0 = x=0

i.ed imaginary axis

14.

If i is purely imaginary, then |2 is
z+1

1) .| -2)1
2

3)2 4)3

Solution :

z-1, p i

—— is purely imaginary

z+1

: z-1

ie. Re|—|=0
z+1

Re [x+::y-1J=0
x+iy+1

16> The, principal argument.of

v —1+i
-5n -2n
1) —= 2) —
) 6 ) 3
- 3n -
3) — 4) —
) 2 ) >
Solution :
3 3 x—bi_—m+0
-1+ =1+i =1-i 2
1
= —(-3-3i
(-3-3)
[%3,:2—3) lies in II1 quadrant \
0 is also lies in III quadrant
=—m+Q




-n +tan

1 Z|
X
-t +tan™! G)

- viar ()

=—m+—

-3n

g -

4

m‘z I+0))=A+Bﬂ)
1+® =A+Bo
A=1,B=1

is

1) -110°

3) 70°

Solution :
(sin 40°

= i*[cos

=e™. e

17. The principal argument of (sin40°+ icos40°)°

2) -70°
4) 110°

+ i cos 40%)°

= [ilcos 40° + * sin'ag?)J

40°—~isin40°[

= {lcos 200-isin204
= (cos90+isin90) (cos200-isin200)

-i200 é{gmoq e"“ 10

= co—11C)+isin(~110)

18. 16(1 + i) (1
1)1
NP +y

Solution :

| 1+i| [t

then 2.5.10...

2.5.10...

+2i) (1 +3i) .... (1 + ni) =x + iy,
(1+n%)is

2)i

4)1+n’

(1+i) (142i) (1431) .... (1+ni) =x + iy,
Take modulus on both sides,

+2:‘[ [I +3:]....|1 +m1 = Ix + z'yl
( #1y =at 4y

20. The principal argument of the complex

i+n/—

ber
e i)

2n x
N5 2) <

5 n

it 4) —
3) p ) 5
Solution :

1+iy3
Bl a3

=arg (l+z‘\5)z* arg 4i — arg (I—-:'\E)
=2arg (1+i\f3_)+arg (0+4i)—-arg (I—;'-J?;)

e (B (g ()

n n -7 T T =
:2,_,_____ — |=2—=t ==
G Fe

19. Ifo#lisa

1)(1,0)
3)(0, 1)
Solution :

(o)) (

(1 + o).

cubic root of unity and

(1 + @)’ = A + Bo, then (A, B) equals

2) (“l ’ I)
4) (1,1)

(1 +w) =A+Bo
(l+w)=A+Bo
1+®) =A+Bo

21. I o and B.are the roots of x* + x+ 1 = 0, then

2020,'_/’32010
1)-—2 2)__1
- 3)1 . 4)2
Solution :
X Hx+1€0
_-1%41-4 _ -1:tJ-‘-_3% ~1+i\3
20) . & 2
o= ___l+i‘f§, B= —I"j"ji
2 2

a=w,B=ae

2020 202
o+ g0 = 2020 ()220

e
e I
= (m 0] ) + ((1)20'9 ml)z
S0+ =]

= -




—
22. The product of all four values of
3

i (oos%-l-l‘sing-]‘is
H-2 2)-1
)1 42
Solution :
: K2 3
(cos’—t--i-isin-’—t- ‘= cis (2&1:-!-1:-)4
3 3) 3
3 :
3
=l [Gbr--l-n 3
34)
. { 6kre+ 1) '
=CIS[ X ’kzo’l’z’a
L Y
k= 0=>c|s— k= 2=>ms:ll"E
4’ 4
. Ixn 19n
k=1=>cis —;k= is ~—
. cis i I=cis 2

n Tr 13% <19n
duct = 41, D /Ry
TR (4 a4 4 )

=cis [%) = cis10n

=cos 10 +1i sinlOx=1+0i
=1 ’

307 -30 =3k=3(o’-0)=3k

23.If @ # 1 is a cubic root of unity and

1 1 1
1 —-0*-1 o?|=3kthenk is equal to

N o’

11 2) -1

3) V3i 4)-y3i
Solution :

1

1
—0’-1 o?]=3k
: ®

1

1

i ®

1 1 1

1 o of=3k
1 o2 o

=(0? -0*)-1(0-0?)+1(0? -0)= 3k

o -o-o+o’+o’-o=13k

k=o'-0
.—_% [-l-iﬁ-t-l—:‘wﬁ]
- %[-2:45]
k=—-iv3
= _Jii
1++/3i is
24, The value
=
1) cisz?u 2) ciaﬂ.43—Tt
i 5 4
3)-cis:';—u 4)-—(:15?,t
) Solution :
Let 1+3i =1 (cosﬁﬂsmﬁ)
r=1+3=2
(I,-J_ ] lies in 1 quadrant, ©' is also lies in
lquadrant ;
8=

B = tan_l .J_i. : B = E
1 3
W3 =2cisE=2 '3
/ 3
Replace is 'i’ by i’

1-43i =2 cis [:31‘-)=2 e'%

( x
14+431) 7 23
1-3i
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-

; 2n ~1)-1
=cis [61:4-—3—) [(z+1X(z+co’Xz+(0) 1) ]2 4) ]
2). (-2 —0' )=
. 2n = "’(zm'*'(‘f -0 )+w ({0 2
= cijs — . 267 _Hoz)-zco +
3 o (z+1)(z +zo+
25. Ifo=cis o5 , then the number of distinct root @ ._m)‘ -@’=0
3 2 2 zz+m)+2'.'ﬁ)2
z+4l  ® o’ = Z+Zorz’o+
of| ® z+w?® | |=0 — 2 +1-z20~1=0
o’ 1 z+o = 31(1+m+m2+2)=0
1)1 2)2 =2=0
3)3 4)4 =2=0,0,0 ;
Solution; The number of distinct roots 1S 1
z+l @ "y
o z+o® 1W\]=0
o? 1 z+o

BOOK SUMS (Exercise and Examples).:
1. Simplify the following

* 102
@i Gy i (i) i V9 T ) Y Wi PLaui®
=l
2. Simplify the following
. 12
(i) il“? + i”’.’ﬂ (ii) I—HMS = l--—1869 (iii) Zih
2 el
: @ 7
)+ - N ) LI o O e oy i
! 2 =)

3. Find the value of the real numbers x and y, if the complex numbers
@+ix+(I-iy+2i-3andx+(-1+2i)y+1+jare equal,
4. Evaluate the following ifz= 5-2iand w=—1 +3ij

(Hz+w (ii)z-iw (iii) 2z + 3w
(iv)zw (V) 2 +2zw + W (vi) (z + w)?

5. Given the complex number z = 2 + 3i, represent the complex numbers in Argand didgram,
(i)z,izand z + iz (ii) z,-izand z— iz

6. Find the values of the real numbers x and y, if the complex numbers
B-dx—(2-iy+2i+5and 2x + (-1 +2i)y + 3 + 2i are equal.
7. Ifzy=1-3i,2,=-4iand z; = 5, show that

() (Zl +Zz)+z; =2+ (zz + 23) (ii) (lez)zs = zi(zzza)
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3. THEORY OF EQUATIONS

Points to Remember
e For the quadratic equation aX’ +bx+c=0,

i) A=b* —4ac> 0 iff the roots are real and distinct.
i) A= —4ac<0 iff the equation has no real roots.
iii) A=b’ —4ac=0 iff the roots are real and equal .

Fundamental theorem of algebra :
* Every polynomial equation of degree n has at least one root in C.

Complex coljugate root theorem
e Ifacomplexhumber z is a root of a polynomial equation with real co-efficients, then complex

conjugate ;;is also a root.
e Ifp +JE is a root®f a'quadratic equation then p - JE is also a root of the same equation where
P, q are rational and .JE is u'rahonal

o Ifyp+ q:samotofapolymmialeqmtmnthen,f_ J_ J;+J_ md—.f— .J_a:ealso

roots of the same equation.
e Ifthe sum of the co-efficients in Ax)=04S P(1). Then 1 is a root of A(x)= 0.
If the sum of the co-efficients of odd powers = sum of the co-efficients of even powers, then—1 is a

root of P(x) =0.

Rational root theorem

e Leta, x"+...+ax+a, witha, #0,a,#0bea polymmia/l with integer co-efficients, If £ with
q

(p,q]= 1 is a root of the polynomial, then p is a factor of ag and\qeis d'fiietor of a,

Reciprocal polynomial
A polynomial F(x)of degree n is said to be a reciprocal polynomial if one of the conditions is true

M P(x)= xf{f) (i) P(x)= -x'PG]

A change of sign in the co-eficients is said to occur at the j* power of x in P{x)if théoceficient of
x’*and the co-efficient of x’ (or) co-efficient of x*and co-efficient of x’ are of different signs.
e Vieta's formulz for quadratic equation :

If a, B are the roots of aX’ +bx+c=0 then u+5—-——~ and af s,

h

Also, X —X(sum of the roots) + product of the roots = 0



Vieta's formula for polynomial of degree 3.

Co-efficient of x* = -{OH— B+7Y)where ., B, y are its roots
Co-efficient of X =(1{3+ B?‘*’ YQand constant term=-o. B ¥
Also, x° —(0t+B+)x* +(af+By+ya)x—apy=0

Vieta's formula for polynomial equation of degree n > 3.
Co-efficient of X" '= 1= -2

Co-éfficient of X" 2=, = Ta, o

Cofefficient of X =¥ = T, o a3

Co-effigient of x =3 ) =(-1)™' Ta; ws..... Oy

. 0
Co-efficient of X= constant term = ¥, = (-1)" oy 02..... Gn

the following stdtements s true.

i) a,=ay,a,,=4a,,a8.4=a,...

Descartes rule
If p is the number of positive zeros of'apolynomial F(x) with real co-efficients and s is the number
of sign changes in Co-efficient of P(x), then s+ p_is a non negative even integer.-

Bounds for the number of real and imaginary roots
Let m denote the number of sign changes in coefficients of I{x) of degree n and P(x) has atmost m
positive zeros. : :
. . i /
Let k denote the number of sign changes in coefficients of P{—-x)of degree nand F(x) has atmost k

negative zeros.
Then P(x) has atleast (m+k) real roots and atleast n(m+k) imaginary roofs,



BOOK BACK ONE MARKS
1. Azeroofx’ +64is

LY 2)4
3)4i 4) 4
Solution :

X’ +64=0

x)=-64

P =(-ay

x=-4

2. If fand g afe polynomials of degrees m and n

respectively, ad if A(x) = (f o g) (x), then the
degree of hds

1) mn 2)m+n
3)m" 4yn"
Solution :

Let f(x) = x", g(x)=x"
Hx) = (foghx)

= fle(x)

- 1)

= (x.r

=x™
The degree of h(x) ismn. .

Solution :

L
aB+B¥+YG";"l- 9
- -r
a 1
a o B Y
_By+By+oB_ g

afy e
=_4
-

(Book answer is wrong)

3. A polynomial equation in x of degree n always
has

1) n distinct roots 2) n real roots

3) n imaginary roots  4) at most one root,
Solution :

Every polynomial equation of degree n has at
least one root in C.

. n imaginary roots

4. If a, B and 7y are the roots of x* + px* +gx +r,
: 1.
then ) —is
) Yo

1)-4 2y~-L£-
r r
34 4) 4

r P

5. According to the rational root theorem, which

number is not possible rational root of

45" +2x' -10¢ =52

5
= gy
-1 )4
4 _
3) - 4)5
& )
~ Solution :

The given polynomial equation is
4x’ +2x* -104 -5=0

a/=4, a,=-5
P . .
A1f -q- Is a root of the polynomial, then

as (p,g)=A, p must divide -5 and q must
divide 4.

The possible’vales of p are 1, +5
and the possible valugs of qare.tl, 2, +4.

Using these p and q, we.¢4f form only

fractions *1, i%, i—]-, ii, $+3 43
4 =

12 4

4,
Hence ;:s not a possible root of the

equation




www.nammakalvi.in

e —

6. The polynomial x’~kf +9xhas three real
zeros if and only if; k satisfies

k<6 2 k=0

3) [ >6 4) |k| 26
Solution @

Ax) = X'~k +9x
= r(x’ —Iacf9)

Clearly; I-’(x) has one root as zero which real,
The ‘other/roots are determined by the factor

2 -+ 9

This factorWill@ivé real roots if b -4acz()
For real roots b° —44¢30
(k) -4(1X0) 20
- K236
= | k=6

If X +12¢ +10x+199%efinitely has a

7. The number of real numbers in [0, 2%}
satisfying sin' x—2sin’ x+1 is
1)2 2) 4
3l 4)
Solution :
The given equation is
_ sin' x—2sirf x+1 =0

:b(sinz x—-l)!= 0
= sin’ x—1=0

_sifx=1
1-cos2x &
=2
—1—-cos 2x =2
= = COS 2% =2=1=1

- C0s 2x =-1
~ 2t =(m+ln,nez

= X = (2ﬂ+l)"§

x:

E'.?Ee [0,21'5]

2 2

Hence two real numbers are there in the
interval [0,27!] satisfying the given equation.

> positive zero, if and only if
Naz0 2)a>0
3)a<0 4)a<0
Solution :
The equation X +12¢ +10ax+199¢ has a
positive root if it has at least one change of
sign. So, a must be negative.
,a<0
9. The polynomial X*+2x+3 has

1) one negative and two imaginary zeros
2) one positive and two imaginary zeros

3) three real zeros

4) no zeros

Solution :

Ax)=x*+2x+3

p(x) has no sign change

p(—x) =(~x) +2(-x)+3
=-x'-2x+3

p(—x) has only one sign change

and atmost one negative root.

p(x) has no positive root and at most one

negali)fe root. Degree of p(x) is3

= imaginary roots=3 -1 =2,

The polynémial has one negative and two
imaginafy toofs.

10.

The number 6f positive zéros of the

polynomial i " () x s
=0

1o Dn
3)<n 4)r
Solution :

3 C 1) X ="Co=1)° 50+ "Cy (1)
=0

+°Co (1) P 4.+ "Co(- 1) 2"

=l-mx' +"°C - "Cy P # ...+ X"

Since its degree is n and it has n changes of
sign, the number of positive roots are n,




4. INVERSE TRIGONOMETRIC FUNCTIONS

Points to Remember

e Inverse Trigonometric Functions

 Properties of inverse Trigonometric Functions.

Property I
(i) sin\(sind) =0, ifO e [-12‘-%]

272

(iii) tan”™' (tan® ) =0, if B € [—E -’5) (iv) cosec™ (cosecB ) =0, if0 e [_

(ii) cos™ (cos8 ) =6, if 6 &0Pn]

(v)sec” (sec0) =0, if 0 € [0, n]\{%} (vi) cot” (cot0) =8, if 8 € (0, 7)

Property Il

(i)sin (sin'x)=x, if xe [-1,1]
(iii) tan (tan"'x) = x, if x € R

(v) sec (sec™' x) = x, ifx € R\ (-1,1)

(ii) cos (cos™' x) =x, ifx € [-1, 1]
(iv) cosec (cosec™ x) =x, if e R\ (l,1)
(vi) cot (cot™ x) =x, ifx € R

In verse.sine Inverse cosine Inverse Inverse Inverse secant | Inverse col
Junction Junction langent cosecant Junction Sfunction
Junction Sunction
Domiain Domain Domain Domain Domain Domain
[-1,d] -, 1 R (=0, =1] U [1, ) | (=0, 1] [1,) R
T Range Range Range Range Range
Range | ——,= 0
2°2 [0, TI:] mn by {0} [0 ] {Tt} (- ] ﬂ)
R il y Bl =15
22 2°2 2
not a periodic not a‘pefiodic/) | nota periodic | not a periodic not a periodic | not a periodic
function function function function function function
odd function neither even fiof | @dd function odd function neither even nor | neither even
odd function odd function nor odd
function
strictly strictly strictly. strictly strictly strictly
increasing decreasing increasing decreasing decreasing decreasing
function function fungtion f%nction with function with function
respect to its respect to its
domain. domain.
ong to one oneto one one to one ongto one one to one one to one
function function function function function function
/

n 11:]\ 0}

2072




Property III (Reciprocal inverse identities)

(i) sin™ E) = cosec x, if x € R\ (=1,1)

(ii) cos™ (-i—)= secx, if xe R\(-1,1)

(iii) tan ! [l)= { cot'x  ifx>0

x n+cot” x ifx<0

Property-IV(Reflection identities)

@) sifi ‘=) 7 —sin"' x, if x € [, 1]

(ii) tan"“(#x) =—tan”' x ,ifr € R .

(iiii) cosec M) = “cosec™ x, if x|21orxeR\(-1,1)
(iv) cos™ (—x) =g Cosi\#, ifxe [-1, 1]

(v) sec™ (=x) = n —se¢” aif|x| > 1 orx e R\(-1, 1)
(vi) cot™ (=) =n—cdt” xdf e R.

‘

Property-V ( cofunction inverseé identities )

() sin” x +cos™ x = g ,xe€ [-1,1]

(ii)tan"x+cot"x=g—,xeR .
n

(ii1) cosec x +sec x= rL xe R\(-1, Dorjdz 1

Property-VI 7
() sin” x + sin”! y=sin™' (x\ﬁ-yz +y«.f1—x2 )where either ¥+9” <1 orxy<0.
(ii) sin” x—sin” y= sin”! (x\(l -yt —y\/l —x? )where either x° +yz Slorxy>0,

(i cos x +cos™ y = cos™ (y—vI—7 iy} ifx + 20
(iv) cos™ x —cos™ y =cos™ (xy+«!1-—x21f1—-y2 ), ifx< y

x+y) .
(v) tan™ x+ tan”! y =tan™ (—Ji), ifxy <1 .

1-xy

X= §
(vi) tan”" x —tan™" y=tan“' (1 +xJ;']’ ifxy>-1.
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Property-VII - -
()2 tan™ x = tan™ [1322],&1-: L '

: .

‘ (iii) 2 tan™ x = sin™ (%} b < 1

Propérty-VIII : .
(i) sin”™ (2le,- ) 2 sin” x, 1f|x]<-Jl—_ or— —Jl: <x —Jl=

(ii) sin™ (2x-Jl £ )=2cos" X, if% <x<l.

Property-IX N .
(i) sin”™" x = cos™ Vl=x? | if0€x<
(i) sin” x=—cos” V1-x* ,if-1 <x<0.

J if-1<x<1, .

(iii) sin'x=tan" |: s ,
h_xl p

(iv) cos™ x =sin™ Ji—x? ,ifo<x<l

(v) cos™ x=n—sin” ‘{1_:;2 ,if—1 <x<0.

: x )i 1 . :
(vi) tan™ x = sin”’ [\/I'_Z_J = cos ' [JIT?) ifx>0.
+ X X

Property-X
11
(1)3sm x = sin”] (3x—4x3),xe; [—5,5]

: 3
(ii) 3cos™ x = cos” (4x -Sx) [—2- 1



P | . g n
. Ifsin™ x + sin™ y + sin 1z--—%;,tlfu:\mlmmf

x4 y 20 0 +y?°‘ + 20 1S
Do 2)1
3)2 4)3
Solution :
Given

Sin—l x+ Sin_ly + sinﬁl z= ;,it_
2

s -1 ——

wk.t SIn" x attains its maximum value at
x =] andjts makimum value is 325

Hencedthe,aboye equation has only one
solution X=y=z=J

Hence,

2019 _ 9
xlﬁl +y|0|
9

llﬂl + lll“ + lm

2007 , _201
X +x '+x

+zl0i

=lﬂll7+110|l +12019 .

9
1+1+1

=1+1+1-

]

W

|
A¥S ) UI\D

Il
W
I

I
o

8. The domain of the function defined by

S@)=sin" Vx-1is

1)[1,2] 2)[-1,1]
3)[0, 1] 4)[-1,0]
Solution :

Given f(x)=sin""Vx-1
First of all the expression v x—1 must

be real and it is real only when
x=120- 0sx-1 )
The domain of Sifi* X is —15 x<1

(ie)-1 < Jx=1 <1

hence V=151 (or) x =11 e (2)
Combining both the inequalities
(1) and (2) we get,
0sx-1<1=21<5x<2

; Ifcot"'x=2T“ for some x € R, the value of
tan™ x is

n
) L nx
) 10 )5
5.2 4H-X
)10 ) 5

Solution :

r T
cot x = %’1 [ tan™ x +cot ’x=-2—]

X i =2
2 5

n 2n

——— = lan"l
2 5 *

tan"x= 5:11——41!:= T

9. Ifx= -:_:-, the value of cos (co.v." x+2sin"' x)

is

f24 ' 24
I)-.]— e ) | it
) 25 ) 25

| 1
3) — ==
b | e,
Soluition :
Given x = 1
y 5

cogco8 e+ 2sin™ x)

~ cof{éos¥x +sin™ x +sin” x)

= cos(E +sin” x
2
(" cos (12:- +9)= —sin 6)

= -—sin(sin" x)
-X

-1

5

Il




10. tan™ G—) +tan™’ [-;) is equal to
1) %-cos" (-:—] 2) —sm ( )
i) o

Solution :

wkt tan' A+tan’ B= tan"( 4+B }

1-A4B
ety
4 9

-

= tan P
X

tan

- tan” "E]= tan” H
[ 34 2 -

11. If the function f(x) =sin"' (x*— 3), thenx
belongs to

n [-11]

2) Vz, 2|

3 |2,-42)u]V2.2

8 [-2-v2|n V2.2

Solution ;
f(x) =sin"" (- 3) then —] <x?-3<1
= —143<x" <143
=2<x*<4
= +25x512 = -».5st2 and
= -2<x$2
Hence x €|-2,—~2|u[v2.2]

12. 1f cot™ 2 and cot™ 3 are two angles of a
triangle, then the third angle is

T . in
1) — [t
)4 ) 4
n n
3) - 5=
),6 )3
Solution :
oot 2+ cot” 3= tan L ¢ tan* 1
2 3
(11
2°3
- -1
o0
\ 2)\3
(3+2)
= Al _6
tan r
\ 6 )
(5
.—_.tan—[ ok '11 -
)= wnt)=2

The sum of two angles z

Sum of three angles in triangle = x

* Hence the third angle = x - -}

L
4
/
13. sin™ ( —-) i ‘( i]zi,mnx isa
4 x) 6
root of the equation
1) X’ —x~6=0 2) X ~x—12=0
3) X +x-12=0 4 x* +x-6=0
Solution :
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= [w
1l
o]
=]
WA

V3
2

= W

|

squaring on both sides

®|w

x=4
Moreover, = 4.is aroot of the equation

¥ —x-12=0

T
cos 2u= cos[ZxEJ

=COST

14.

sin”™ (20052 K 1) + CosP (_1—2r~.ir12 x)=
nr 0
) 2 ) 3 )
7T T
Ll ay %
3) 7 ) %
Solution :

sin” (2cos* x—1) + cos™ (1-2sin x)

= sin™'(cos2x)+cos™(cos2x)= =

; e 2 is
[since sin™ x+cos™ x =5]

16.

Loy 2%
If[x[gl,then2tan"x —sin”' = is

15.

If cot™ (M)+ tan”™' (m l=u, then cos

2u is equal to
1) tan’ « 2)0
3)-1 4) tan 2a
Solution :
w.k.t tan™ x+cot™ x = %
Given
cot"(\!sin 0.)+ tan™ (Jsin a)= u
n
u=—
2

I+x
equal to
) tan x 2) sin” x
3)0 Hn
Solution :
W.K.T,2tan'x = gin™' ( 2% )
at o X’
—] . -|( 2x ]

.o 2tan x —sin =

l+x
=2tan” x-2tan” x
=0

i 1
17. The equation tan™ x —cot™ x =tan”' [ﬁ}

has

1) no solution

2) unique solution

3) two solutions

4) infinite number of solutions
Solution :

1
tan S%ieot” x =tan™ [——
g %)
MU"x—[E—tan" ;!c)=E
2 6

tan'lx—E +tan iy = >
2 6

2ftan'x =1 X
6 2
2
3
tan_| X =X
3
x = tan—

3
x =43

Hence the given equation has only one
solution (or) unique solution.




x a1
18.If sin™ x + cot™ [5-)= -;'—,thenxis equal to

1

1)5 2)
2

3 —

)\G 4)

Solution :

Let cot™ (l)
2

cft o
2

[

2
-
=

tan o =2
2., & 2 2
sec o = D tan" o= 1 +2°=5

seca= \/g

1
Cos O = —=
J5
1 4
a=cos —| IR )
5 ()
From (1) and (2), we get
] —_
cot! — =cos! —=
2 V5
Given
sin™ x +cot™ [1J= x
2 2
sin™ x+cos“'—l— =T
52
-1
x T

P — 4 _opp
cesmmo = —-=—-"
sin 5 hyp
adi 5*+4* _ 3
cos 0 = = =Z)
hyp 5 5
— x_.3
5 5
= x=3

19. If sin”! % + cosec™ %= % , then the value of

xis

1)4 2¥5
312 43
Solution :

sin”! X + cosec™ E= z
5 4 2

gy 6 P
sin”! = +sin
5

P}

4—
oy g¥ T

Solution :

het tan™' x =0
tan 0,= x

1 Ptar’ =y + 2
sec” 0= | #x?

sec 0 = /142
|

cos 9=
Jl+x? &
Now, tan 0 = Sin B
cos®

sin® =tanB xcosO
1

1+ x

=X,
2

X

V1+x?

sin (tan’l x) =




5. TWO DIMENSIONAL ANALYTICAL GEOMETRY-II

Points to Remembers :

* Equation of the circle in a standard form is (x = k) + (y—k)*= r?

(i) centre (h,k)

(ii) radius * r’

* Equation of a circle in general form is x? +y’ +2gx+2fy+c=0

(i) centre (-g, —-f)

(i) radius = /g’ + f* —¢

e The circle through the intersection of the line £x + my + n = 0 and the circle

4P +2gx+ 2 +c=0is x* +y? +2gx+ 2fy+c+Mex+my+n)=0,1 e R’

e Equafion of a circle with (x;,yl) and (xz,yz) as extremities of one of the diameters is

(e=x)6e=2)+(v-3,) (y-3,)=0
e Equationi 6ftangent at (x, ’3"1) oncircle x* +y* +2gx+2fy+c=0is

x5 +yy, + g x) #y+3,)+c=0 -
» Equation of normal af (x‘,y,) on circle x* +y2 +2gx+ 2fj1+c='0 is

% —x;+gly-3)-flx#x)=0

Table - 1

Tangent and normal
Curve Equation Equation of tangent Equation of normal
i) Cartesian form % i) Cartesian form
2
: P e g +yy =a xy—yx =0
ourcle i ii) Parametric form ii) Parametric form
xcos0+ ysin@=a xsin@- ycos8=0
i) Cartesian form ’,i) Cartesian form
b | ) =24dx+x,) X +2y =2y, + X,
Para Y- =96 ii) Parametric form 1)/ Parametric form
yt=x+at’ y# xt£af’ +2at
i) Cartesian form i) Cartesian form
2 2
Ty B
2 yz %*‘%L: —;—+-;—Ji=az —bz
" X _ a 1 1
EXps a’ * b : ii) Parametric form ii) Parametric form
xoo59+y5m9=1 ax by ot
a b cos® sinB
i) Cartesian form i) Cartesian form
2 2
b
L o LENLE N
xt y a I ¢
H rbola | =~ -2 =1 is .
Pe a b i) Parametric fogn ij) Parametric form
' xsecO® ytan a b
- =1 ___+___L = ai +b2
a b secO tanf
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Table - 2 )
Condition for the sine y =mx + c to be a tangent to the conics
Curve Equation Coni:;;:";'a ke Point of contact Equation of tangent
circle X +y?=a® | ? =a2(1+m2) Rl " = 2] y=mxtaJl+m?
Nl+m? l+m
( a
Pardbola yz =4qax =l az ’EJ y=mx+—
m \m m m
2 2 {_ .2 2 -
Ellipse o1 | et =atm - m.é— y=mxtJa’m® +b*
a® | b & ¢
- 2 —a*m —b>
Hyperbola %--‘%:1 c* =a’m? -p? im, z J y =mx+Ja‘m? -b?
a \
Table - 3
Parametric forms
Conic I:;T;Zf}t;c Parameter Range of parameter Anyp :;i:.:n the
. x=acosb "0’ or
: <6< s
— y=asin@ 9 UsRsan (a cos B, a sin 0)
Parabola ;: ;ft t —0<t<om (‘at‘;’ 2a1)
i x=acosB '®'or
: 0 0£6<2xn .
Bl y=bsinb (a cos 8, bsin B)
<@< .
Hyperbola ey 0 CAN T ©or
P y=btan® exceptﬁ;ii (a sec 0, b tan 6)

Identifying the conic from the general equation of conic Ax? + Bxy +Cy* + Dx + Ey+F=0
The graph of the second degree equation is one of a circle, pafabola,an ellipse, a hyperbola,
a point, an empty set, a single line or a pair of lines. When,
e A=C=1,B=0,D=-2h E =-2k,F=h’+ K -1 the general equationfedutes to
(x=h) +(y=k)* =r* , which is a circle.
e B=0and either A or C =0, the general equation yields a parabola under study, at this level.
A # Cand A and C are of the same sign the general equation yields an ellipse.
* A#Cand A and C are of opposite signs the general equation yields a hyperbola.
e A=CandB=D=E=F =0, the general equation yields a point x* +y2 =0,
o A=C=FandB=D=E =0, the general equation yields an empty set x* +y* +1=0, as there
is no real solution. ,
o A#0orC=0and others arc zeros, the general equation yield coordinate axes,

o A =-C and rests are zero, the general equation yields a pair of lines x* —y* =0,




AnsmrEEEyy semrw -y - -

BOOK BACK ONE MARKS
1. The equation of the circle passing through
(1, 5) and (4, 1)and touching y -axis is
x*+y* =5x—-6y+9+A(dx+3y-19)=0
where A is equal to
40

(1) 0, _T @0

40 —40
3)e— i 4
3) s 4) 2
Solution :

X HpH-5x b dhx + 30y — 6y =190 +9=0

%2 +y: +2l{21—%)+2}{%_3]+9_19l: 0

centre — y axis di§tance = #adius

2 2
e =J[zx-§] +(£- ) +19%-9
2 2] ¥ %

2 2 ‘
21—3) =[2A—EJ +
2 2
1
[%-3] +191.-9

2
o=9_i“_+9-9x +19A—9

2
2 Lil0a=0
4

9A+40
=0
{5

A=0
91 = —40
-40

A=—x

9

Solution :
a
v =3
2
b* =4a
2b = —(2ae)
2b =ae
a e? = 4p’
= 4(4a) (b’ =4a)
=16a
. _16a 16
£ = e FES
a a
b2 e ol
4a = 162 - a*
a’—16a+4a=0
a’-12a =0
a(a-12) =0
a =12
o o164
12 3
2P et
NE)

2. The eccentricity of the hyperbola whose latus
rectum is 8 and conjugate axis is equal to half
the distance between the foci is

(0 i (2 .
3 \E
2 3
ol 4) =
&) J3 w3

. “Thegirele x> +y* =4x+8y+5 intersects the

line 2540 =7 at two distinet points if

(1) 15 € nf< 65 (2)35< m<85

(3) -85 m<=35 4)-35< m<15

Solution ;

x*+y’ —4x—8y=5~0

centre =(-g, <)
=(2,4)

radius = J4+16+5
=5

3x,~4y,—m

JG) +(-4y

<5

distance = |




|3(2)—4§4)—m| <s
J9+16
6-16-m] <25

|10+m| <25

-25<10+m<25
-35<m=<15

g=2, f=-3, c=3

N ey o
= J4+9-3

¢ =10

- The length of the diameter of the circle which
touches-the x -axis at the point (I, 0) and
passes through the point (2, 3).

9 5
(D = ) =
10 3
B = OF-

Solution : P(x, y)

centre (L a)
radius = (x, —x, )} +(, =4 /-

a= \Ge—1F +-af
If passes (2, 3)

a? =Q2-12+@-a)
g~ =1+9-6a+e’

6a =10
10
a e
6
5
a — —
3

Diameter =2a = 1?0

. The centre of the circle inscribed in a square

formed by the lines 2 —8x—12=0 and
y* =14y +45=0is

@7 2)(7.4)
(3)(5,4) (4) (4,9)
Solution :
x?-8x-12 =0
x?-8x+16-16-12 =0
(x-4) =28
x-4 =227 .
x =4+247
y -ldy+45 =0
y-9@-5 =0
y =5,9

(4—2\[7,5) (4+2ﬁ ,9)
4427 +4-27 5+9]

centre = :
2 2

{4 Ty

. The radius of the circle
3x? +by? +4bx—6by+b* =0 is

(D1 23

@3) V10 @ 11

Solution :

Co-efficient of ¥* = co-efficient of )~.
b=3

3 +3y* +12x—18y+9 =0
P+t +4x—6y+3 =0

Uty 1)

. The equation of the normal to the circle

X’ +p"2x -2y +1=0which is parallel to
the line 26+4p=3 is

(1) x+2y =3 R)x+2y+3=0
BG)2x+4+350 4)x-2y+3=0
Solutions :

x +y2 —2x=2y+1=g
centre = (~g~f) =1, 1)

normal equation
2x+4y=k
It passes (1, 1)
2+4 =k
k=6
2x+4y =6
x+2y =3
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A(ae, 0), C(-ae, 0)

at+b? P4
»

C/\A -
B(0, be), D0, -be) \ / o
2
o= ’az;b A

Area of quadrilateral ABCD

Laixd
2
L)

yi xl -}

i

2ae x 2 be

2 : :
- ava® +b* x2b\fa; +b? =2(az +bz)
a

8. If P (xy) be any point on 16x? +25y* =400
with foci F; (3, 0) and F; (-3, 0) then
PF\,+ PF; is
s 6
3)10 4 12
Solution :
16x? +25y* = 400

2 2
3._+-'Z..4. =1
25 16
a~= 25
a =5
F\P + F;P#&= 24 # 2(5)=10

9. The radius of the€ircle passing through the
point (6, 2) two of whose diateters are
x+y =6andx+2y =4
(1) 10 @ 245
36 4)4
Solution :

x+y =6 x-2=6

x+2y =4 x=8

-y =2 centre (8, -2)
y =-2
radius = y(6-8) +(2+2)

= J4+16
= J20
=25

10. The area of quadrilateral formed with foci of
the hyperbolas ;’ub_’:l and ;z'_b—z="1
is
M 4(az+b2) Q) 2(a’+b’)
3 @+ @ (o +5)
Solution : -

x )y
P

11.

If the normals of the parabola )? = 4 x drawn
at the end points of its latus rectum are

. 2 2 2
tangents to the circle (x—3)* +(y+2)’ =r?,
then the value of / is
12
3)1
Solution :
y' =4x
y’ =4ax
=4
Length of latus rectum 4a = 4
Eiid Points are (1, 2), (1, -2)

(' (a, 2a), (a, -2a))

23
@4

Tangentequation at(1, 2)

‘:{x+x,)

Yy 2
w = Ax#x)

Yy = (x+1) .

x=-y+1 =0

Normal equation

x+y+k =0

It passes (1, 2)

1+2+k=0

k=-3

Normal equation x+ y—3 =0, centre : (3, -2)

3-2-3 2 f
2+2] V2

r=+2 r

radius =

2
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Ifx+y=k is a normal to the parabola

f = 12x, then the value of k is

(D3
31
Solution ;
y] =12x
a =3

@2)-1
49

¢ =k ‘
condition for the normal equation of y? = 4ax
k*# 28m — am’

k £-2(3)(+1)-3 (-1)°

k = 6+3

k =9

a’ -b?
¥ =12 °” a’
°“Vis 2

13.

x! yz
The ellipse E, : 5/ 771 is inscribed in a

rectangle R whose (sides’ are parallel to the
coordinate axes. Another’ ellipse £, passing
through the point (0, 4) gircumscribes the
rectangle R . The eccentricity,of the @llipse is

V2 ' V3

1
&) z

Solution :
Equation of ellipse

3
©)) 2

14.

Tangents are drawn to the hyperbola
2 2 o
LI . 1 parallel to the straight line
4
22 -y =1, One of the points of contact of

tangents on the hyperbola is

9 =l (2) [_—i ,_l_.]
(I)(WE_’TE 222
9 1 —J_
»| e @) (3v3.-242)
(){zﬁ JEJ
Solution :
a’=9, b’=4 m =2
¢ =% +a’m?-b’
=+ JOx4-4 =132
Take ¢ =-4+/2
(~a’m —bz}
Point of contact = |- .
. ¢ c
_ (-9%x2 -4 )
\-4v2" 42
o, J_)
\2v2'V2

15.

/

The equatioft.of the circle passing through the
2 2
foci ofithe eilipse %+%— =1 having centre

at (0, 3) is .

(1) x*+y*-6y27 =0
) X +y* ~6y+7=0
() X +y* =6y=5=0

(4) x* +y* -6y+5=0
Solutions :
a’=16,

b= 9
o= /;b_ - fie-9 7
a’ 16 4
Foci (ae, 0) = (/7 , 0)
equation of the circle with centre (0, 3) is




(x=0y +(r=3y=£........... (1)
It passes (ﬁo)
(af +3 =p

r=16
M=x"+(p-3) =16
x*+y*—6y-7=0

' 16.

Let_ C be the circle with centre at (I, 1)and
radu_xs 1. If T is the circle centered at (0, »)
passifig through the origin and touching the

circlefC extemnally, then the radius of T is
equal to

¢)) —JE () ii_
2 2
1 1
3) = 1
@3 O
Solution :
n=1 lewhs P
cicz=r +n; )
Cy (1, 1)
C2 (0: )')

VI-0F +(-yf = 1+y
1+12+y -2y =( +})2

1+1+y" -2y =1+y +2
1 =2y+2y
4y =1
=1
¥ 7%

a =5
b? = a?-—a’e’ =25-9
b =16
b =4
Area of the quadrilateral = ;— dy xd;
1
= 3 (2a) (2b)
=5x2x4
= 40 sq.units

18. Area of the greatest rectangle inscribed in the
2 2

ellipse = +—§—2 =lis
(1)2ab - (2) ab
3) Jab (4) %

Solution :
x=acos0
y=bsin®
Area =f£xb
' =2acos0x2bsin®
' A =2absin20
A' =4ab cos 20
A'=0
cos 20 =0
0 =45°
A = 2ab sin 2(45)
A =2ab

*

17.

Consider an ellipse whose centre is of the
origin and its major axis is along x-axis. If its

eccentricity is % and the distance between its

foci is 6, then the area of the quadrilateral
inscribed in the ellipse with diagonals as major
and minor axis of the ellipse is

(N8 (2) 32

(3) 80 . (4) 40

Solution :

22¢ =6

ac=3

e=

|

w|w

3)=3
5

b S

19. An ellfpsg. has OB as semi minor axes, F and
F' its fociand-the angle FBF' is a right angle.
Then the e€centricity of the ellipse is

1
(1) B ¥)) %
1 1
3) = G
) 3 (4) =
Solution :
FF" =BF + BF"

@af = (lae-0f (05 ) +
(VEEae—oy +(0-57 )

4a%’ =a%? + b’ +ale? + b’
4a’e’ ~ 2a%e? = 21’
2b2 = 2&202

bZ - a! el
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20. The eccentricity of the ellipse
2
(=3 +r-4f <L

3
(1) & »nl
2 ) 3
1 1
G) —= et
Solution : ’
FP? = e’PM?
(x=3) + (-4} = [l g [0+y+0]’
3 :}0+14
- (}_T [fﬂmyﬂ)
3 2+t
c o1
3

L .
e 5 e
wene =ae:2 (:r-—?l)’+(}"--‘-’)ﬂ'_‘k2 _ﬁ
& =2 It passes (1, 2)
¢ == (1-3F +(-2-#) =¥’
2 4+4+4k+K =K
e = 4k =-8
2 k =-2

(-3 + 2 =4
lies on (5, -2)
22+0°=4

4=4

23.

The locus of a point whose distance from
2,0)is % fimes its distance from the line

x=—1is
2

(1) a parabola
(3) an ellipse
Solution :

FP

(2) a hyperbola
(4) a circle

PM

I

WIN G

FP
PM

e <1 itisanellipse

<l

21, If the two tangents drawn from a point P to the

parabola y2 = 4x are at right angles then the
locus of P is
(HD2x+1=0 2)x=-1
(3)2x-1=0 @) x=l
Solution :
y2 =4x
length of latus rectum
4a=4
a=]
equation of directrix 3= -a

22. The circle passing through (1,-2) and touch_ing
the axis of x at (3, 0)passing through the point
152 (2) 2,-5)

3) (5+-2) 4)(-2,%)

Solution :

24

The values of m for which the line y=mx+2
/5, touches the hyperbola 16x? —9y? =144

aré the'roots of x2 —(a+b}x——4 =0, then the
valuewof (a+ b) is
(N2

@0

Solution s

x! yl

LI

9 16

=9, b'=16
condition ¢? = a’m?® -&°

@3]  =om'-16
20 =9m’-16

Im’ =36

m =4

m =%2
Take the values of ni roots
a=2 =2
product = —4

a+b=2-2=0

)4
@) -2

y=mt+2-J§

e=245




25. If the coordinates at one end of a diameter of 11+x 2+y
the circle Iz+y:—8x—4y+c=0 are (11, 2), 2 =4 . T 2
the coordinates of the other end are x =8-11 2+y=4
N E5,2) ) (2,-5) x =-3 y=2
gh(j;o_:) @) (-2,5) (Book answer is wrong)
: Correct answer is (-3, 2)
1t 245
( e ] =(4,2)

BOOKSUMS_ (Exercise and Examples) : :

1. Find'the general equation of a circle with centre (-3, -4) and radius 3 umilts.
2. Find thes€quation of the circle described on the chord 3x+y+5=0 of the circle x> +y' =16 as

L

diameter.

3. Determine whethefx /=1 = 0 is the equz;tion of a diameter of the circle x* +* —6x+4y+c=0
for all possible valuesofé., .

4, :nlr:ld(:hel )general equafion of the circle whose diameter is the line segment joining the points (-4, -2)

5. Examine the position of the poifit(2;:3) with respect to the circle x?+y? —6x—8y+12=0.

6. The line 3x+4y—12=0meets the coordinate axes at 4 and B. Find the equation of the circle drawn
on AB as diameter.

7. A line 3x+4y+10=0 cuts a chord of length 6 units on a circle with centre of the circle (2, 1). Find

the equation of the circle in general form.
8. A circle of radius 3 units touches both the axes: Find the equations of all possible circles formed in

the general form. ‘ _ .
9. Find the centre and radius of the circle 3x* +{a+1)y*+6x—9y+a+4=0.
10. Find the equation of the circle passing through the points (L,1), (23-1) and (3, 2).
11. Find the equations of the tangent and normal to the circle x* +y>=25at P(-3, 4).
12.fy=4x +¢ ishtangenttoﬁmecirclexz+f=9,ﬁndc.
13. A road bridge over an irrigation canal have two y
semi circular vents each with a span of 20m

and the supporting pillars of width 2m.
Use figure to write the equations that represent

the semi-verticular vents. |
14. Obtain the equation of the circles with radius 5 ¢cm and touching x-axis at the originfin'general form.

15. Find the equation of the circle with centre (2, ~1)and passing through the point (3, 6) in standard

form.
16. Find the equation of circles that touch both the axes and pass through (-4, -2) in general form.

17. Find the equation of the circle with centre (2, 3) and passing through the intersection of the lines
3x—2y—1=0and 4x+y-27=0
18. Obtain the equation of the circle for which (3, 4) and (2, ~7)are the ends of a diameter.
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6. APPLICATIONS OF VECTOR ALGEBRA

Points to remember ;

For a given set of three vectors a, b and E:, the scalar (ExE).E is called a scalar triple product of

a,b,c.

The volume of the parallelopiped formed by using the three vectors a, band ¢, as co-terminus

edges is given by | (axb). E[ _
The scalar triple product of three non-zero vectors is zero if and only if the three vectors are

coplanar,
s, t € R such that atleast one of

L —

Three vectors a, b,¢ are coplanar, if and only if there exist scalars r,

them i$ non-zero and ra +sb +tc=0

If a, byeand P,q,rare any two systems ofthreevectors,and!fp x,a+y.b+z.f—'r
X 0N &L .

'-? xza+.”16+zzc and r~x,a+y,b+z,c then [5-5,;] =P V2 % [2, b,c]
X3 Yy %

For a given set of three vedtors 5 E ¢ the vector Ex(BxE) is called vector triple product

For any three vectors a b ¢ wethave ax{bxc) (a 2)5 (E I;)E
Parametric form of the vector(equation of a strfught line that passes through a given point with

position vector a and parallel to a given veetor bisr= a+!b where t € R.

Cartesian equations of a straight line that passes through the point (x,, J"le) and parallel to a vector
with direction ratios bl,bz,b;, are ndal/ e — | o ki
b b by

Any point on the line x;x‘ = y;y, - zb—z, is of thé form/(x, +7b,y, +1b,,z, +1B;) ,t€R.

) 2 3
Parametric form of vector cquat:on of a straight line that passes through two given points with
is 7= a+r(b a) teR. :
ine that passes through two given poifts (x,, y,,zl) and (Ig,yz,zz) are

position vectors g and b

Cartesian equations of a li
=% Y=Wh _2T4&H

X,=% V=N ZL~h
If 0 is the acute angle between two straight lines r=a+sbh and r= c+rd then

8 =cos™ [—E—{_.LJ
|b]]d]

Two lines are said to be copla
Two lines in space are called s
The shortest distance between t
both the skew lines. o o
The shortest distance between the two skew lines ¥ =a+sb and r=c+1td is

nar if they lie in the same plane.
kew lines if they are not parallel and do not intersect
he two skew lines is the length of the line segment perpendicular to



s=lc=8)bxd)| yhere |bxd|20.

Iﬁxdl |
Two straight lines r=a+sband r=c+td intersect each other if E—al(fn:d)=0

The shortest distance between the two parallel lines r=a+sb and r=c+tbis
g-LE-2)b| ""IEI bl | where |b|20 -
Iftwo lines 225 2 ¥=X1 _Z=5 gy X=X _ Y=Y _ 2= %1 jersect, then
bl . bz b) dl dz d}
%5 Nhmh -y
bl b} b, =0 i
d, d, d,

A straightffine Which is perpendicular to a plane is called a normal to the plane. .

The oqfiatiofi of the plane at a distance p from the origin and perpendicular to the unit normal
vector d is r.d £ p’(‘normal form)

Cartesian equation of the plane in normal form is ¢x+my +nz =p. -
Vector form of the équationiof a plane passing through a point with position vector @ and

perpendicular to n is (;--).;=0‘
Cartesian equation of a planéofmalito a vector with direction ratios a,b,c and passing through a

given point (x;,%,2) is dx—x)sby-y ) +dlz ~2,)=0
Intercept form of the equation of the plane r.n=gq, having intercepts a, b, ¢ on the x, y, Z axes

respectively is §+%+§sl.

Parametric form of vector equation of the pliné passing.through three given non-collinear points is
smassbp-a)+-a
Cartesian equation of the plane passing through three non-Collinear points is
x=% Y=y, Z-z 4
X, =% Vi=h %H~% =0.
X=Xy W= H™%
A straight line will lie on a plane if every point on the line, lie in the plane and the normal to the

plane is perpendicular to the line.
The two given non-parallel lines 7 = a+sb and r=c+td are coplanar if (;-;).(Bxa)= 0

*

x-x'=y_y'=z—z'andx-x’=y'y’=z-z’mcoIamrif
5 b b 4 4, 4 ¥

Two lines

X=X V1=V Z™%
b, b, b, |=0
d, d, d,

Non-parametric form of vector equation of the plane containing the two coplanar lines r=a+sbh

and F=E+r3 is ;-El bxd)=0 or E-E).(szi =0.



The acute le® . - - n.n
angle © between the two planes r =p, and .02 =p,is 0= cos” l__?_ul__Z_l
| i {[na |
If 8 is the acut S . s b.n
¢ angle between the line 7 =@ +tb and the plane rn=p ,then0= Sin-l[-l%li)-l]
n
The perpendicular distance from a
_ lu.n-p|
|}
pérpendicular  distance from a point (X,),Z) to the plane ax+by+cz=p i
_ &+ by, +cz, - p|
Sa 1~ P
a’ + b +c?
The perpendicilar distance from the origin to the plane ax + by +cz +d =0 is
Idy
a4’ el
The distance betweerftwo parallel planes ax+by+cz+d, =0and ax+by+cz+d, =0 is
|d| "d2| . :
Jat +b% +¢?
The vector equation of a plane which passes through the line of intersection of the planes

- -

7.7 =d, and 7.z = d, is given by o9 —d,) + Alp 72 —dy}=0, Where 1. & R.
The equation of a plane passing throtigh the line of intersection of the planes a,x + b,y +¢,z=d, and
a2x+b,y+czz'=d2isgiven by (a,x+b,y+c,z-d,) 2 l(a,x+b,y+c,z-d,)= 0.

The position vector of the point of intersection, of the, line r=a+1h and the plane ;.;=p is

=_2 | 22 ahere bn#0
- b.n : ,

plane rn=p,then ;=;+EIP—-M;

point with position vector u to the plane ;;!=P is given by

given by & =

given by

-

If yis the position vector of the image of % inthe =
' n
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BOOK BACK ONE MARKS 4. Ifa, b, ¢ are three unit vectors such that a is

1. If @and b are parallel vectors, then [ a, , 5] pefpend;cu]ar to b and is parallel to ¢ then
is equal to ax(bx c) is equal to
12 : () -1 _ .

2) b
@1 )0 (ha -
Solution : 3¢ 4)0
;“E =)ﬂ XB ISO!HII.OII.' L
(aBel, =[Ab b ¢] ax(bxc) = (ac) - (a b)c
=l[§ EEI i =(G.C}b -0
=0 =b
Hint: a L5 =>ab=0
2. If a vector o lie§'ifl the/flane of B and v, ale
then e
- .o . a.c=|al|c|cosB
(D [a,B,y]=1 @ TosB ) =-1 -
a.c=
@ Byl =0 @ [aBiy=2
- Solution : , 5. If [a, b, ¢ ]= lthen the value of
| Since o lies in the plane of B and Y ;.(ExELb cxa)_'_;:.!;xi;! ”
1 [ﬂ xy] 0 o (cxa).b (axb) cxbla
% | : (1)1 . @1
(af y1=0 (3)2 4)3
. Solution :

3. If a.b=b.c= ¢.a = 0 then the value of a.[pxc b. cxa claxb
[a,b,C]iS cxalb axE E EXB ;
Mla(ibllel @ EIEIIBII;—'I _ - label', {#c1¢ febe)

[abc] [abc] - [abe]
31 4 -1 _
Solution : ‘ SeEl=l
2.5 =0o a1 = @
- Book Answer is wrong
b.c=0= blec - .
a.c=0= alc '
E I.; ;: e mutually L vectors
[a,b,c] =|a| |b] Ic|




6. The volume of the parallelepi ith i
p with its
?dgfs‘ represented by tllf:d vectors

- oa L

i+j,i+2j,i+j+@ is

m= L

2 2) 3
A= (4) .E
Solution :

1 1
volume=J1 2
1

=1C820)Ax - 0) + (1 -2)
- =2m-nHQ =g

.2 T
sin“ 0= —
4

. 1
sin20=% (Replacmg’f; by 14')

n ' | n
()] P 2) 3
n n
3) % 4) 3
Solution ;
[a,b, axb ]=§
a.[bx(axb)] =§
2 [(bb)a - (ba)b]=
a.(a-b(ab)= ~’45
aa-@b)@b=7
1-(a||b| cos®)*= %

1-(1.1cosB)’ = %

I-cos’ 0 =

EN

. ffa=i+j+k b=i+j, c=iand

(;xs)xs =\a +u3,thenthevalucof

A+pis

mo @1
3)6 43
Solution : ' '

Cailis -2
(;.EF-(B.E = 1.;+pb
b-a =212
Aa

A=—1 p=1

A RusE-1+1=0

L I ;, -ﬁ; ¢ dre non-coplanar, non-zero vectors

such that-{ab, ¢}=3, then {[ExE.BxE,ExS]}’
is equal 16

ms1 )9
()27 ' 1418
Solution :

{laxb bxc cxa]}*= [[abe] i
-6

= 0
= 81




10. If ; B c ethree non-copianar vectors such

( ) » then the angle

between a and b is

1y 2 3n

(1) > 2 2

2

) y OF

Solution

- Asb+e

ax\bxc)= —
o

cos® =cos (n—ﬁ)
4

o = 3_:1 (0 is obtuse)

12. Consider the vectors E, E, E,a such that
[;xg)x (Ex3)=6 .Let P, and P, be the
planes determined by the pairs of vectors
a,b and E,a respectively. Then the angle
between P; and P; is

(1) 0° (2) 45°
(3) 60° (4) 90°
Solution :

(axb)x fcxd)=0
(axb)y lxd)

0=0°

11. If the volume of the parallelopiped with

- - - - o -

axb,bx c,cxa ascoterminous edges is 8
cubic units, then the volume of the
parallelopiped with

(Ex-t;)x(ﬁ X E) 5 (Gx;;)x (gx;) and

(E X ;) X (; X B) as coterminous edges is,
(1) 8 cubic units (2) 512 cubic units
(3) 64 cubic units (4) 24 cubic units
Solution ;
[(axB)x(bxc),(bxc)x(cxa),(cxa)x(axb)]

T

=[axb bxc cxa)’
= (8)°
=64

13.1f ax(Bx 3)= (axBlx ¢ , where 3,5, ¢ are
any three vectors such that b.c#0 and
a.b#0,then a and ¢ are

(1) perpendicular
(2) parallel

(3) inclined at an angle —g-

(4) inclined at an angle %

Soldation :
PRk (ixi)s

- / — - e - -
(E.c)S-— E.b}é = (a.c)b—(b.c)a
P e
: —[L}

ab
¢ =\a
clla
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14.1f a=2i+3j-k, b=i+2j-sk,
E: 3i+5j—k , then a vector perpendicular to
a and lies in the plane containing b and ¢ is
(1) =171 +215-97k
) ni+21}-123|‘£
(3) -17i-21j+ 97k
@) -17i-21j-97k
Soldtion’s

ol

”

[ )

i
G et o)
L RO

I

¥

=1(~2+25) - (-1415)+ k(5-6)
bxc=23i-14j-k

- - ~

i
alrc)=[2 3 -1
23 -14 -1

=1i(-3-14) - j(-2+23)+ k(-28-69)
= -17i-21j-97k

bo=0 = blc
0

90° (or)§

15. The angle between the lines

*

- -1 z+2,. . .
16.If the line x32=-”-5 = lies in the

plane x+3y—az+B =0, then (a, P)is
(1) (-5, (2) 6,7
(3)(5-5) 4) (6~
Solution :

b=3i-5j+2k

;=i+3}-aﬁ

b.A=0
3-15-2a=0
20 =12
a =-6

Also (2, 1, -2) lies on plane x+3y-oaz+p=0
2+3-12+B=0
-7+B =0
B =7.
(o, B) =(-6,7)

LR W
§ <1 ) 3 2
is
n x
(1)E 2) 2
n kad
(3).3. ) 2
Solution :
b =3i-2]

¢ = i+-?1}+2fc'
2

= - 3
c=3-2|=|+0
b.c=3 2(2)

17. The angle between the line 7= (f +27-3k) +
o2 + =2k Jand the plane ri+j)+a=0is
O (2) 30°
(3) 45° (4) 90°
Solution :
b=2i+j-2k

- - -

n=i+)

bl =va+1+4 =9=3
in] = J1+1

In|=+2

bn=2+1=3




18

- The cobrdinates of the point where the line

r-(6: -j= Bk) gr t(—t +4k]meets the plane
i (r + ] —k)=3"dre

(1) (2,1,0) @)(7,-1-7)
() (1,2,-6) @) 5:-1,1)
Solution : s
=0 . ¥l . ped A

-1 0 4

Point of this form (-A + 6, —1, 4\ —3)
This lies on the plane x+y—-z—-3=0
A+6-1-4L+3-3=0

—Sh=-5

A=1

Point of intersection (5, -1, 1)

20. The distance between the planes

x+2y+3z+7=0and 2x+4y+6z+7=0is

fi
D37

J7
G) 3~

7
2 >

7
4) —
@ 2J 2
Solution :

The planes are
x+2y+3z+7

0

x+2y+32+g- =0

13

Distance from the origin to the plane
3x—6y+2z+7=0is
(Ho @)1
(3)2 43
Solution :
Distance = ! -
JBF +(=6) +(2)
ORI SR
Jo9+36+4 7

2p

7'_2 Z
D1stance = : -2
JOF+@r+0F i+
7 17
N TR N
_A7
242
If the direction cosines of a line are l,l,i
ccce
then
(era3 @ c=+3
(3)c= D (4)0 <c<1
Solutions

DC'S of a line l l 1 then
o'c’e

(cosa, cosB, cos ) = (l_l.,.l_
e7c C

cos® o + cos B+cosz'y 1

1 1 1
_2+:'_i-+c_2 =]

c
2




——

2. The vector equation 7= (7 -2 _{)+1(6] - £)

points

(1 (0,6,-1)and (1,-2,-1) -
(2) (0,6,-1) and (-1, 4, -2)
(3) (1,-2,~1) and (1, 4, -2)
(4)(1,-2,-1) and (0, -6, 1)

Solution :
a=i-2j-k
Cartesian form
x=1_y+2 2341 _
0 D 47 3%

Any point of this form(1,.6)-2, -A-1)
A =0then (1,-2,-1)
A=1then (1, 4,~2) PR

represents a straight line passing through the

1
i R,

24. If the planes 7-{2f 2] +K)=3and
;.(4:’ + }-pff): 5 are parallel, then the value
of A and pare

1 -1
o, - 2) —,2
(1)2. 2 V) >
(3)_1 -2 (4)-1 2
a 2
Solution ;
Sn=n |
s(zi"-zj-l-i): 4i+j-pk
S -,
4 -20) +2k= 4T + j—pk
=24 =1 -u=2
l:—l |J.=—2

2

23, If the distance of the point (1,1,1)“from the
origin is half of its distance from the=plané
X+ y+2z+k =0, then the values of k are

(13 (2) %6

3)-3,9 “43,-9
Solution : '
Distance from (1, 1, 1) to (0, 0, 0)

x,+yl+z,+k

1
2(J0) + Q) +@)

3V, (2 =_l_3+k
VO +0)* +@) AW
233 =[+H
B+k =6
3+k =6
k =-3+6 k=-3=0
k =3 k=-9

25.1f the length of thé”perpendicular from the
origin to the plane 2x+3y+Az=1 A >0 is

. -;-,then the value of A is

23 " (342
(3)0 ~ @)1
Solution : '
Distance.= S
5 -
2x, +3y, +1z, —|
V2243042 |
=1 '

V4+9+ N2

L
5

W | -

5§ =13+12
Al '=25-13
AP =12

A =12
A =243




